The Einstein-Podolsky-Rosen (EPR) paradox was enunciated in 1935 and since then it has made a lot of ink flow. Being a subtle result, it has also been largely misunderstood. Indeed, if questioned about its solution, many physicists will still affirm today that the paradox has been solved by the Bell-test experimental results, which have shown that entangled states are real. However, this remains a wrong view, as the validity of the EPR ex-absurdum reasoning is independent from the Bell-test experiments, and the possible structural shortcomings it evidenced cannot be eliminated. These were correctly identified by the Belgian physicist Diederik Aerts, in the eighties of last century, and are about the inability of the quantum formalism to describe separate physical systems. The purpose of the present article is to bring Aerts' overlooked result to the attention again of the physics' community, explaining its content and implications.
I. INTRODUCTION
In 1935, Albert Einstein and his two collaborators, Boris Podolsky and Nathan Rosen (abbreviated as EPR), devised a very subtle thought experiment to highlight possible inadequacies of the quantum mechanical formalism in the description of the physical reality, today known as the EPR paradox. 1 The reason for the "paradox" qualifier is that the predictions of quantum theory, regarding the outcome of their proposed experiment, differed from those obtained by means of a reasoning using a very general reality criterion.
Despite the fact that the EPR objection to quantum mechanics has been the subject of countless discussions in the literature (see for instance Refs. 2-7), many physicists still believe today that the EPR paradox has been solved by the celebrated coincidence experiments on pair of entangled photons in singlet states, realized by Alain Aspect and his group in 1982, 8 which were later reproduced under always better controlled experimental situations, closing one by one all potential experimental loopholes. 10 More precisely, the belief is that these experiments would have invalidated EPR's reasoning by confirming the exactness of the quantum mechanical predictions.
This conclusion, however, is the fruit of a misconception regarding the true nature of the EPR paradox, which was not solved by experiments like those conducted by Aspect et al., but by a constructive proof presented almost forty years ago by Diederik Aerts, in his doctoral dissertation. [11] [12] [13] [14] [15] [16] Contrary to what is generally believed, Aerts' solution says that the quantum mechanical description of reality is indeed incomplete, because, as we are going to explain, it cannot describe separate physical systems. Aerts' result remains to date largely unknown, and the main purpose of the present article is to bring it back to the attention of the scientific community. I will do so by trying to explain it in the simplest possible terms, also indicating its consequences for our understanding of classical and quantum theories.
II. CORRELATIONS
We start by observing that quantum entanglement, which was firstly discussed by EPR 1 and Schrödinger, 17,18 is incompatible with a classical spatial representation of the physical reality. Indeed, in this representation a spatial distance also expresses a condition of experimental separation between two physical entities, in the sense that the greater the spatial distance ∆x between two entities A and B, and the better A and B will be experimentally separated. To be experimentally separated means that when we test a property on entity A, the outcome of the test will not depend on other tests we may want to perform, simultaneously or in different moments, on entity B, and vice versa.
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For two classical entities this will be the case if ∆x and the time interval ∆t between the different tests is such that no signal can propagate in time between the two entities to possibly influence the outcomes of the respective tests, which will be the case if
with c the speed of light in vacuum. Of course, in the limit ∆t → 0, where the two tests are performed in a perfectly simultaneous way, any finite distance ∆x will be sufficient to guarantee that we are in a non-signaling condition, i.e., that we are in a situation of experimental separation. In other words, in classical physics the notions of spatial separation and experimental separation were considered to be intimately connected, in the sense that the former was considered to generally imply the latter.
FIG. 1:
A rock initially at rest explodes into two fragments which are here assumed to be of equal masses, flying apart in space with opposite velocities.
Consider now that the two entities A and B are two bodies moving in space in opposite directions and assume that two experimenters decide to jointly measure their positions and velocities. Since the two entities are spatially separate, and therefore perfectly disconnected, no correlations between the outcomes of their measurements will in general be observed.
However, if the two objects were connected in the past, the physical process that caused their disconnection may have created correlations that subsequently can be observed. As a paradigmatic example, consider a rock initially at rest, say at the origin of a laboratory's system of coordinates, and assume that at some moment it explodes into two fragments A and B, having exactly equal masses (see Fig. 1 ). The positions and velocities of these two flying apart fragments of rock will then be perfectly correlated, due to the conservation of momentum: if at a given instant the position and velocity of (the center of mass of) fragment
A are x and v, respectively, then the position and velocity at that same instant of fragment B will be −x and −v. This situation of perfect correlation is clearly the consequence of how the two fragments were created in the past, out of a single whole entity, and is not the result of a connection that is maintained between the two fragments while moving apart in space.
It is in fact important to distinguish between the correlations that can only be discovered, between the two components of a bipartite system, and which are due to previous processes of connections-disconnection, from the correlations that are literally created by the very process of their observation, i.e., which are created out of an actual connection between the two components of the bipartite system, when these two parts are subjected to a measurement.
This fundamental distinction was made in the nineties by Aerts, who specifically named the correlations that are only discovered in a measurement correlations of the first kind, and those that are instead created in a measurement correlations of the second kind.
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The key role played by Bell's inequalities 20, 21 in identifying the presence of entanglement in composite physical systems can then be identified in their ability to demarcate between correlations of the first kind and correlations of the second kind, as only the latter can violate them. In that respect, it is important to note that the violation of Bell's inequalities is not a specificity of micro-physical systems: also classical macroscopic systems can violate them, as what is truly important for the violation is to have correlations that can be created during the very process of measurement, which will be generally the case when the two entities forming the bipartite system are connected in some way, for instance because they are in direct contact, or because of the presence of a third connecting element. So, to give examples, two vessels of water connected through a tube, 16, 22 or two dice connected through a rigid rod, 23, 24 can easily violate Bell's inequalities in specifically designed coincidence experiments.
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But then, if classical entities can also produce quantum-like correlations of the second kind, violating Bell's inequalities, why Einstein famously called the quantum correlations
"spooky actions at a distance"? The answer is simple: a tube connecting two vessels of water, or a rod connecting two dice, are elements of reality that can be easily described in our three-dimensional Euclidean theater, so there is no mystery in their functioning, whereas what keeps two micro-physical entities connected in a genuine quantum entangled state apparently cannot. In other words, the "spookiness" of the quantum correlations comes from the fact that: (1) they are not correlations of the first kind and (2) the connectedness out of which the correlations are created is a non-spatial element of our physical reality.
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III. THE PARADOX
Let me now explain the EPR reasoning in their celebrated article. 1 First of all, they introduced the important notion of element of reality, corresponding to the following definition:
1 "If without in any way disturbing the state of a physical entity the outcome of a certain observable can be predicted with certainty, there exists an element of reality corresponding to this outcome and this observable." Contrary to what is often stated, the important part in this definition is not the "without in any way disturbing" one, but the "can be predicted with certainty" one. Indeed, as observed by Aerts: 13 "it is possible for an entity to have an element of reality corresponding to a physical quantity even when this physical quantity cannot be measured without disturbing the entity."
actual property, as we can predict with certainty that if we put the cube on fire it will burn with certainty (i.e., with probability equal to 1), but of course we cannot test the burnability property without deeply disturb the wooden entity. In their paper, EPR did not mention explicitly this subtle point, which however was later on integrated by Constantin Piron in his fundamental definition of an actual property 28, 29 and used in his construction of an axiomatic operational-realistic approach to the foundations of quantum mechanics.
According to this definition, a property is actual if and only if, should one decide to perform the experimental test that operationally defines it, the expected result would be certain in advance. If this is the case, the entity in question is said to have the property (i.e., to possess it in actual terms) even before the test is done, and in fact even before one has chosen to do it (independently on the fact that the test might be invasive or not). And this is the reason why one is allowed to say that the property is an element of reality, existing independently from our observation.
So, even if not fully expressed at the time, the EPR reasoning contained the deep insight that the (actual) properties of physical systems are "states of predictions." EPR then considered the situation of two quantum entities A and B that, after interacting, subsequently flew apart in space, becoming in this way spatially separate and, according to EPR's prejudice, also experimentally separate. The additional step taken by EPR in their 1935 paper is to consider the quantum mechanical formalization of this situation, in accordance with the notion of entanglement, from which they observe that the positions and velocities of the two quantum entities are strongly correlated.
More precisely, the EPR reasoning goes as follows. They consider the possibility of measuring the position of one of the quantum entities, say entity B that is flying to the right. Assuming that such measurement has been carried out, and that the position of entity B has been observed to be x, then, according to the quantum description, the experimenter is in a position to predict that if a position measurement would be performed on entity A, the outcome −x would be obtained with certainty (considering a system of coordinates such that the place where the two entities interacted before flying apart corresponds to its origin).
The subtle point here is that since A and B are separated by an arbitrarily large spatial distance, and that the assumption is that a spatial separation also implies an experimental separation, the previous measurement on B could not affect in whatsoever way the state of A. Hence, the prediction that the position of A is −x establishes the actuality of the property, and of course the same reasoning holds in case it is the velocity (or momentum) that is measured on B, as also in this case, if the outcome of the measurement was, say, v, then the outcome −v could have been predicted with certainty for entity A.
Is the above sufficient to conclude that entity A has both a well-defined position and velocity? To clarify the situation, let me come back to Aerts' example of the wooden cube, which as we observed has the property of being burnable. We also know that it has other properties, like the property of floating on water. How do we know that? Again, because if
we would perform the test of immersing the cube in water, the "floating on water" outcome would be obtained with certainty. But then, we can ask the following question: Does the wooden cube jointly possess the properties of burnability and floatability? Our common sense tells us that this has to be the case, but how do we test this meet property obtained by the combination of the burnability and floatability properties? Because a wet cube does not burn, and a burned cube does not float, so we cannot conjunctly or sequentially test these two properties.
In fact, we don't have to, because, as noted by Piron, 28 the test for a meet property is a so-called product test, consisting in performing only one of the two tests, but chosen in a random (unpredictable) way. Indeed, the only way we can then predict the positive outcome of a procedure consisting in randomly selecting one of the two tests, then executing it, is to be able to predict the positive outcome of both tests, which precisely corresponds to the situation where both properties are simultaneously actual.
Having clarified that even when the experimental tests of two properties are mutually incompatible this does not imply that they cannot be jointly tested by means of a product test, and therefore the properties be simultaneously actual, we can now observe that the EPR reasoning precisely describes a situation where the outcome of a product test (or product measurement) for the position and velocity of entity A can be predicted with certainty.
Indeed, in case it is the position measurement that is randomly selected, the experimenter can perform that same measurement on entity B and then predict with certainty the outcome of the position measurement on entity A, without the need to perform it. And in case it is the velocity (or momentum) measurement that is randomly selected, the experimenter can perform the velocity measurement on entity B and again predict with certainty the outcome of the same measurement on entity A, again without the need to perform it. In other words, we are exactly in a situation where the outcome of a product measurement of position and velocity observables can be predicted with certainty, hence, we are allowed to conclude, with EPR, that both position and velocity have simultaneous well-defined values for entity A.
This is of course in flagrant contradiction with Heisenberg's uncertainty relations, hence the paradox and EPR's conclusion that quantum mechanics is an incomplete theory, as unable to represent all possible elements of reality associated with a physical entity.
Bohr's reaction to the EPR argument, that same year, was quite obscure. 30 Basically, the Danish physicist affirmed that one "is not allowed in quantum mechanics to make the type of reasoning proposed by EPR, and more specifically, the notion of element of reality does not was not an issue of "providing additional variables" to make it complete, or more complete, but a question of a shortcoming related to the impossibility for the quantum formalism to describe experimentally separate entities, as subsequently shown by Aerts.
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IV. THE SOLUTION
To explain Aerts' solution, it is important to emphasize that EPR's reasoning is an ex absurdum one, that is, a reasoning which starts from certain premises and reaches a contradiction. What EPR have shown is that if their premises are assumed to be correct, then quantum theory has to be considered incomplete, as unable to describe all elements of reality of a physical system. Those who have taken seriously this conclusion thus tried to find remedies, for instance by supplementing the theory with additional variables for the quantum states, to allow position and velocity to have simultaneous definite values and escape the limitation of Heisenberg's uncertainty relations. This hidden variables program, however, subsequently met the obstacle of so-called no-go theorems, drastically limiting the class of admissible hidden-variable theories.
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The premise that was part of the EPR reasoning, as we explained, is that for two quantum entities that have interacted and flown apart, it was natural to expect that their spatial separation was equivalent to an experimental separation. In addition to that, EPR applied the quantum formalism to describe the situation, which means they implicitly also assumed that quantum mechanics is able to describe a system formed by separate physical entities.
But since this produced a contradiction, one is forced to conclude that the assumption is incorrect, that is, that quantum mechanics is unable to describe separate entities. Now, one may object that this is a too strong conclusion, in the sense that the only mistake committed by EPR was to expect that spatial separation would also necessarily imply disconnection. This expectation, as we know today, has been overruled by numerous Yes, because at their time the possibility of producing these non-local/non-spatial states was a truly remarkable and totally unexpected possibility, based on classical prejudices, so the EPR ex absurdum reasoning was indeed applied to a wrong experimental situation, if such situation is considered to be correctly described by an entangled state. No, because the possibility of producing and preserving entangled states has very little to do with EPR's reasoning per se. Indeed, one can in principle also assume that experiments could be performed where instead of making efforts to preserve the quantum connectedness of the two flying apart entities, an effort is made instead to obtain the opposite situation of two flying apart entities eventually becoming perfectly disconnected, i.e., separated.
Experiments of this kind have never been worked out consciously, but these would indeed correspond to situations leading to the EPR paradox. In other words, the incompleteness of quantum mechanics is not revealed in the physical situation of quantum entities flying apart and remaining non-separate, as these are the situations which are perfectly well described by the quantum formalism (as the violation of Bell's inequalities proves), and there is no contradiction/paradox in this case, but by the experimental situations that can produce a disconnection, and which in the setting of EPR-like experiments would be interpreted as "badly performed experiments." These are precisely the situations that quantum mechanics would be unable to describe, certainly not by means of entangled states, as if we assume it can, then we reach a contradiction.
Having clarified that the logical reasoning of EPR is not directly affected by the experimental discovery of entangled states, the question thus remains about the completeness of the quantum formalism, in relation to its ability to describe separate physical entities. It is here that Aerts' work join the game. Indeed, among the topics of his doctoral research there was that of elaborating a mathematical framework for the general description of separate quantum entities. Aerts approached the issue using Piron's axiomatic approach to quantum mechanics, a very general formalism which was precisely: 37 "obtained by taking seriously the realistic point of view of Einstein and describing a physical system in terms of 'elements of reality'." This allowed him to view the EPR work from a completely new angle. Indeed, while describing the situation of bipartite systems formed by separate quantum entities, he was able to prove, this time in a perfectly constructive way, that quantum mechanics is structurally unable to describe these situations.
V. AERTS' PROOF
EPR were thus right about the incompleteness of quantum mechanics, but not for the reason they believed: quantum mechanics is incomplete because unable to describe separate physical systems. Of course, depending on the viewpoint adopted, this can be seen as a weak or strong trait of the theory. If separate systems exist in nature, then it is a weak trait, if they don't, then it is a strong trait. We will come back on that in the conclusive section, but let us now sketch the content of Aerts' constructive proof, which is actually quite simple.
Note that despite the simplicity of the proof, it usually comes as a surprise that quantum mechanics would have this sort of shortcoming. Indeed, the first reaction I usually get, when discussing Aerts' result with colleagues, is that this cannot be true, as separate systems are perfectly well described in quantum mechanics by so-called product states, that is, states of the tensor product form ψ⊗φ, where ψ ∈ H A and φ ∈ H B , with H A the Hilbert (state) space of entity A and H B that of entity B, the Hilbert space H of the bipartite system formed by A and B being then isomorphic to H A ⊗ H B . This is correct, and in fact the shortcoming of quantum theory in describing separate systems cannot be detected at the level of the states, as in a sense there is an overabundance of them, but at the level of the properties, which in the quantum formalism are described by orthogonal projection operators. In fact, it is precisely this overabundance of states that produces a deficiency of properties, in the sense that certain properties of a bipartite system formed by separate components cannot be represented by orthogonal projection operators.
Technically speaking, the only difficulty of Aerts' proof is that one needs to work it out in all generality, independently of specific representations, like the tensorial one, so that one can be certain that its conclusion is inescapable. 
This means that when the bipartite system is in state ψ, there is at least two possible outcomes x 1 ∈ I and x 2 ∈ E − I, for measurement M A , and at least two possible outcomes y 1 ∈ J and y 2 ∈ F − J, for measurement M B . This means that the four outcomes (
be all possible outcomes of measurement M AB , if M A and M B are assumed to be separate measurements. But although we have:
so that (x 1 , y 2 ) and (x 2 , y 1 ) are possible outcomes of M AB , we also have that:
Hence, (x 1 , y 1 ) and (x 2 , y 2 ) are not possible outcomes of M AB , which means that M A and M B are not separate measurements.
In other words, because of the superposition principle, a joint measurement M AB formed by two separate measurements M A and M B cannot be consistently described in quantum mechanics, which means that quantum mechanics, for structural reasons related to its vector space structure, cannot handle separate measurements.
Note that when one introduces the more specific tensorial representation H = H A ⊗ H B , the request for the self-adjoint operators associated with measurements M A and M B to commute is automatically implemented by writing them in the tensorial form O A ⊗ I B and I A ⊗O B , respectively, so that we also have in this case P This is of course a possible way out to the problem of having to deal with procedures that are experimentally incompatible, so EPR could also have considered this line of reasoning to try to make their point. More precisely, they could have considered the possibility to make two identical copies of the quantum entity under investigation, measure the position on the first copy and the momentum on the second one, then present the argument that they can predict in this way, with certainty, these same values for the entity under consideration (the one that was perfectly copied), thus showing again a contradiction with Heisenberg's uncertainty principle.
49 Of course, since quantum measurements appear to be non-deterministic, this argument, to be valid, requires the duplication process to be "dispersion free," that is, such that possible hidden variables determining the measurement outcomes are also assumed to be faithfully copied in the process.
The reader may object that this is an invalid reasoning because of the celebrated quantum no-cloning theorem, 38, 39 establishing the impossibility of making a perfect copy of a quantum state. 50 The no-cloning theorem, however, only concerns universal copying machines, working independently of any a priori knowledge of the state to be cloned, and if we relax this condition, which we do not need for the argument, then the cloning can always in principle be worked out. 42 So, EPR could also have concluded in this case that quantum mechanics is incomplete, and once more the incompleteness cannot be associated with its inability to jointly attach position and velocity elements of reality to a micro-entity, but with its inability here of describing a perfect cloning process, when the (hypothetical) hidden variables associated with the state to be copied are unknown.
In other words, from the above reasoning one can deduce a hidden variables variant of the no-cloning theorem: no machine can copy unknown hidden variables. Well, maybe, as to consistently talk about a physical entity, and do physics, one must be able to consider it as a phenomenon that is separate from the rest of the universe. 12 Consequently, any physical entity which belongs to "the rest of the universe" of that physical entity, will also have to be considered to be separate from it. But this is precisely a situation that cannot be consistently described by standard quantum mechanics. The quantum measurement problem could also be related to this limitation of the orthodox formalism, as in a measurement process the measured entity has to be initially separated from the measurement apparatus, enter into contact and interact with it, thus connect with it, then finally be separated again from it. If this connection-separation process cannot be properly described, the only way out seems that of reverting to a many-worlds picture/interpretation, 43,44 where separations are introduced at the level of the universes (superposition states being then described as collections of collapsed states in different universes), a move that surely would not have pleased friar Occam.
Another difficulty one can consider, consequence of the limitations expressed by this structural impossibility of separating measurements and therefore entities, is in relation to the study of (mesoscopic) structures that are in-between the quantum and classical regimes, and the quantum-classical limit. Indeed, one would need for this a more general mathematical structure for the lattice of properties than that inherited from Hilbert space and the Born One can of course object that what quantum mechanics has really shown us is that all in our physical reality is deeply interconnected, that is, entangled, and that separation would be an illusion or, better, something like an effect emerging from a fundamentally interconnected non-spatial substratum, described in a correct and complete way by quantum mechanics.
This is of course a possibility, although not all physicists seem to be ready to accept all the consequences of it, like the one previously mentioned of resorting to parallel universes. We live surrounded by macroscopic entities which apparently do not show quantum effects, i.e., for which separate experimental tests can be defined. If we test a property of a wooden cube, this will not influence in whatsoever way a test we may want to perform on another wooden cube. But this cannot be generally true if the Hilbertian formalism and associated superposition principle is believed to be universal. Of course, to put two wooden cubes in a state such that experiments performed on them would not anymore be separate appear to be extremely difficult to achieve, but it remains a possibility if the standard quantum formalism is considered to be fundamental.
I personally believe that we do not know enough about our physical world to take a final stance on those difficult questions, so I think it is important to also have the possibility of studying the behavior of the different physical entities (and I stress again that the very notion of "physical entity" requires a notion of separability) in a theoretical framework which does not attach any a priori fundamental role to the linear Hilbert space structure and associated Born rule, particularly when addressing challenging scientific problems like 
